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ABSTRACT
Layered composites have attracted attention
for their high specific stiffness, high specific
strength, and application specific tailoring of
their properties. It is also recognized that lay-
ered composites are prone to delamination fail-
ure in addition to other failure modes. Consid-
eration of transverse shear on the deformation
behavior of the composites is an important as-
pect in the study of delamination mode failure
of such plates. In this paper, we consider the
effects of including the transverse shear defor-
mation on the vibration characteristics of lay-
ered composites. The formulation is based on
the Raleigh-Ritz method using the beam char-
acteristic functions. MATLAB based symbollic
math tool box is used in evaluating th eintegrals
resulting from the Raleigh Ritz approach. Vari-
ous commonly occuring boundary conditions are
discussed. Results are provided showing the ef-
fects of the shear deformation on the dynam-
ics of layered laminated composites. The effects
of laminate thickness, fiber orientation, and the
plate aspect ratios on the free vibration charac-
teristics of the composite laminates are given to
demonstrate the methodology described.
Keywords: Dynamics of Composites, Lami-
nated Composites, Transverse Shear, Vibrations
of Shear Deformable Plates
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1. INTRODUCTION:
Laminated composites have received increas-
ing attention due to their high specific stiffness
and high specific strength properties. In addi-
tion, the structural tailoring properties associ-
ated with these material systems offer attractive
design options. However, one of the drawbacks
of lamiated composites is the potential for de-
lamination failure. In this respect, transverse
shear deformation becomes important. There
are several studies attributed to the dynamic
analysis of composites including transver shear
deformation.1–5
In this paper, we extend the shear deforma-
tion theory of laminated composites to formu-
late the dynamics of layered cpmposite lami-
nates using Raleigh Ritz approximation. Sym-
bollic mathematics is used in calculating the in-
tegrals involved in the method rather than using
the tabulated values, thereby automating the
computation process and improving the accu-




The principle of minimum total potential energy
for an anisotropic plate is given by












In the above expression, W is the strain energy
density function, R, the volume of the elastic
body, Ti, the i
th component of the surface trac-
tion, ui, the i
th component of displacement, Fi,
the ith component of the body force, and ST , the
portion of the body surface over which the trac-
tion are prescribed. The strain energy density





The usual strain displacement functions may be
found in the standard texts. The stress strain












Q11 Q12 0 0 2Q16
Q12 Q22 0 0 2Q26
0 0 2Q44 2Q45 0
0 0 2Q45 2Q55 0













The stresses in the x-y-z system is obtained by
suitable transformation of the material stiffness
matrix [Q] from the material coordinate systems
to the x-y-z reference coordinate system. The
appearance of 2 before Q is due to the strain
tensor component definition of the shear strains.
Assuming the functional form of the displace-
ments for the plate to be
u(x, y, z) = uo(x, y) + zα(x, y)
v(x, y, z) = vo(x, y) + zβ(x, y)
w(x, y, z) = w0(x, y)
(5)
where uo, vo, and w0 are the the middle surface
displacements and the second term in the first
two equations are related to the rotations. In the
classical plate theory, α = −∂w
∂x
and β = −∂w
∂y
,
which neglect the transverse shear deformation.
On substituting the strain energy density
function for each lamina across the N laminae











+σyz(2yz) + σzx(2zx) + σxy(2xy)}dz dA (6)
We consider symmetric laminate construc-
tion, which is a common feature in many ap-
plications resulting in the absence of bending-















A11 A12 A13 0 0 0
A12 A22 A23 0 0 0
A13 A23 A33 0 0 0
0 0 0 D11 D12 D13
0 0 0 D12 D22 D23



























Considering uncoupled transverse vibrations
of the plate only, and using the definitions of
strain displacement relations, the stresses, and























































)2 dx dy (9)
where Dij are the bending stiffness coefficients,
α and β are related to the rotations. The bend-












where the summation is carried over the number
of layers, Qij is the material stiffness matrix of
the kth layer in the (x,y,z) reference coordinate
system, hk and hk−1 are the distances to the
upper and lower surfaces of kth layer from the
mid-plane of the laminate.
The contribution arising from the transverse
shear deformation, Vs, to the potential enrgy ex-

















































for i, j = 4, 5 only. The maximum kinetic energy









where ρ is the mass density per unit volume,
h is the thickness, and ω is the natural fre-
quency of the plate. In the Raleigh-Ritz pro-
cedure,7 the deformation is approximated by
the admissible functions, also known as the kine-
matically consistent functions, satisfying the ge-



















where φαm(x) ,φβm(x) and φwm(x) are the
beam characteristic functions satisfying the
appropriate boundary conditions in the x-
direction. Amn, Bmn, and Cmn are as yet unde-
termined coefficients. The approximation func-
tion in y-directions are obtained by replacing x
by y and interchanging α and β, and the inte-
grals over the length in y-direction.
These coefficients are determined by invoking
the principle of minimum total potential energy
of the system,
δ(T − V ) = 0 (17)
which results in
∂(T − V )
∂Aik
= 0 (18)
∂(T − V )
∂Bik
= 0 (19)
∂(T − V )
∂Cik
= 0 (20)
for i = 1...M and k = 1...N The resulting set
of 3(MXN) equations may be solved to obtain
the eigenvalues and the corresponding eigenvec-
tors.
On substituting the equantions 14 and 15 into
the potential energy expression, we obtain
V = Va + Vb + Vc + Vd + Ve + Vf (21)
where the terms on the right hand correspond
to the contribution of the six terms on the right
hand side of the potential energy expression (6).















and the differentiation of this expression with






















The transverse shear is also calculated in a sim-
ilar fashion,
Vs = Vg + Vh + Vi (24)
By appropriately substituting the beam charac-
teristic functions, the integrals may be evalu-
ated.8
We introduce the notation for the integrals in-








































































Similar integrals involving αβ, ββ, βα, αw,
βw, wα, wβ, and ww are defined with appropri-
ate substitution of the φα, φβ, and φw functions
in the integrals on the right hand side. These
equations are not given here in the interest of
space. The orthogonality relations for the beam
characteristic functions are given by,∫ a
0 φi(x)φm(x)dx = 0 i = m
= a i = m
(30)
∫ b
0 φn(y)φk(y)dy = 0 n = k






















= 0 m = i
(33)
On making use of these integrals, the minimiza-
tion of the total potential energy results in a 3(M
X N) by 3(M X N) system of homogeneous al-
gebraic equations to be solved for λs, Aiks, Biks
and Ciks. Substituting for V and T, and per-
forming the indicated differentiations with re-
spect to Aiks, Biks and Ciks respectively, we
































































































































































































































































The above set of linear homogeneous algebraic
equations are solved for the frequency param-
eter and the corresponding set of coefficients
Amn, Bmn, and Cmn. These coefficients may
be used to compute the mode shapes. It may
be noted that the value of i is to be taken
corresponding to the characteristic function φm,
while the values for k are taken corresponding
to the characteristic function φn. Further, in
the equations (34-36), the integrals i10mi · · · are
referenced without explicitly referring to them
as i10mi(αα) · · · etc for conciseness.
3. BEAM CHARACTERISTIC
FUNCTIONS:
The beam characteristic functions that are used
in this paper are of the following forms:
(a) a clamped-free beam, which is clamped at















b) a free-free beam, which is free at both ends,

















(r = 3, 4, 5, . . .) (40)
and (c) a clamped-clamped beam, which is















In the above expressions, r = 1, 2, 3, . . .; The
numerical values for  are calculated using char-
acteristic equations for the respective beams.7, 8















In the evaluation of the equations (34-36),
various integrals involving the beam character-
istic functions are required. These integrals
are evaluated8 using symbolic math tool box of
MATLAB where exact integrals exist and Gauss
quadratures for evaluating the integrals numer-
ically, where exact integrals do not exist. Some
of these values are also tabulated in a technical
report.7
5. RESULTS:
The procedure described here is used in evaluat-
ing the free vibrations of some selected example
problems. Sample calculations have been car-
ried out for graphite-epoxy laminates, which are
characteristic of typical aerospace and automo-
tive aplications.
5.1. Simply Supported Laminated
Composite Plates:
We present some results for a square simply sup-
ported composite plate. Table 1 gives proper-
ties of the unidirectional lamina out of which
the laminates are constructed. Table 2 lists
the first six natural frequencies computed from
the present approach for a thin four layered
composite plate. Also included in the table
is a comparison of finite element results from
MSC/NASTRAN.
Figure 1 presents fundamental frequency of
cross-ply and angle-ply composites for various
side to thickness ratios. It may be noted that in
the case of composites, the effects of transverse
shear deformation on the plate frequencies be-
comes important for side to thickness ratios as
low as 10. Figure 2 depicts the variation of the
fundamental frequency with side to thickness ra-
tio. This figure also shows the effect on the nat-
ural frequency of the aspect ratio a/b. Figures
3 and 4 show the variation of the fundamental
frequency as a function of the side to thickness
ratio and aspect ratio in a three dimensional sur-
face plot. Such plots prove useful in the design
trade-off studies of composite panels.
6. CONCLUSIONS
A formulation is developed for studying the dy-
namic behavior of shear deformable laminated
composite plates. The Raleigh-Ritz method is
used to derive the free vibrations estimates of
the composite laminates. The inclusion of trans-
verse shear significantly influences the vibration
characterisitics and important in studying de-
lamination of laminated plates. The integrals in-
volving beam characterisitic functions are evalu-
ated exactly using symbolic mathematics which
give better estimates of the natural frequencies
of the plates.
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Figure 1 Fundamental Frequency Variation with Side to Thickness Ratio 
 for Angle-ply and Cross-ply Laminates 
 
Figure 2 Fundamental Frequency Variation for Different Aspect Ratios 
 
Figure 3 Fundamental Frequency Variations with Aspect Ratio and Thickness Ratio 
 
Figure 4 Fundamental Frequency Variations - Another View 
